An Introduction to Mathematical Queueing Theory and ErlangC 

An excerpt

by Philip Stubbs

1
Introduction to Queueing Theory

The semantics of Queueing Theory were developed at the same time as the trench warfare of the First World War.  It was a complicated invention for its time, and has been developed over subsequent years into many complex models, regularly featuring in modelling journals around the world.

Queueing Theory allows a call centre to be expressed as a mathematical model.  By making certain assumptions about the call centre, the operation can be described by equations.  The ErlangC formula in particular is established as an important tool to set call centre staffing requirements.

2
Queueing Theory Basics

Some Notation
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= number of items in system
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= mean arrival rate of new items when n items are in system


= expected number of arrivals per unit time when n
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= mean service rate when n items are in system


= expected number of items completing service per unit time
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= Probability that exactly n items are in the system at time t
s
= Number of servers (in parallel channels)
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= Probability that a call arrives to find all servers busy


= Probability that caller has to wait for a server

Note that since there are no services when there is none in the system, then it follows that 
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Also, if 
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 is constant for all n, and the mean service rate per busy server is a constant 
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, then we can define the following...
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= Mean interarrival time (sec)
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= Mean service time (sec)

We can also define 
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 as the utilisation factor for the service facility, defined as the expected fraction of the time the servers are busy:













(1)

A system is in steady state if the number of items in the system does not tend to infinity, ie that in the long term, the system can output contents at a faster rate than others can enter.

If 
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, then the system is in steady state.

3
State Probabilities

We start the proof of Erlang by considering a system with random arrivals and random service times.

3.1
Input Behaviour
Given n items in system at time t, the probability that exactly one arrival will occur during the time interval 
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If we assume that 
[image: image15.wmf]l

l

n

=

 (constant) for all n, then the system has a random Poisson input.  This implies that the number of arrivals in a time interval of length t has a Poisson distribution of parameter 
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Pr(k arrivals in time interval t) = 
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The interarrival times have a negative exponential distribution with parameter 
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.  This verifies 1/
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 as the mean interarrival time.

3.2
Output Behaviour
Given n items in system at time t, the probability that exactly one item leaves the system in 
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If output is random and mean service rate per busy server is a constant 
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, the service time distribution is also negative exponential with parameter 
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Pr(k completions of service in time interval t) = 
[image: image24.wmf](

)

!

m

m

t

e

k

k

t

-
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3.3
Input and Output Probabilities
Consider a time period starting at time t with duration 
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  Within time period 
[image: image26.wmf](

,

)

t

t

t

+

d

,

P(No. arrivals and departures > 1) 
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P(No. arrivals and departures = 0)
=
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Infinitesimal order 
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 is assumed to be negligible as 
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The probability 
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 has three components:



(i)
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 Pr(zero arrivals and departures in 
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(ii)
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 Pr(one arrival and zero departures in 
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(iii)
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 Pr(zero arrivals and one departure in 
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Combining these components, we get
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If 
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 now tends to zero (preserving t as a constant), the existence of all derivatives 
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 is established and we obtain a system 
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 of equations as follows.
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A solution to this set of differential equations is available only in the steady state.
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